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We study the momentum space entanglement between different energy modes of interacting scalar
fields propagating in general (D+ 1)-dimensional flat space-time. As opposed to some of the recent
works [1], we use Lorentz invariant normalized ground state to obtain the momentum space en-
tanglement entropy. We show that the Lorenz invariant definition removes the spurious power-law
behaviour obtained in the earlier works [1]. More specifically, we show that the cubic interacting
scalar field in (1 + 1) dimensions leads to logarithmic divergence of the entanglement entropy and
consistent with the results from real space entanglement calculations. We study the effects of the
introduction of the Lorentz violating higher derivative terms in the presence of non-linear self inter-
acting scalar field potential and show that the divergence structure of the entanglement entropy is
improved in the presence of spatial higher derivative terms.
PACS numbers: 03.65.Ud, 03.70.+k, 11.10.Hi
I. INTRODUCTION
Quantum entanglement depends on two properties —
the superposition principle and the tensor product struc-
ture of the quantum states [2]. Since the same quantum
state has different tensor product structure in different
Hilbert spaces, entanglement entropy is a partition de-
pendent quantity [3, 4]. As of now, a large body of litera-
ture has investigated the robustness of the entanglement-
area relation for the free quantum fields in the real space
[5–9]. It is natural to ask whether the entanglement
entropy-area relation gets modified due to the presence
of self interactions.
In the real space, however, the evaluation of entangle-
ment entropy of self interacting field runs into difficulty:
First, the modes functions can not be evaluated exactly
and, second the evaluation of entanglement entropy is
semi-analytical and the validity of the numerical results,
in the perturbative regime, is opaque. Recently, Balasub-
ramanian et al [1] developed a technique to evaluate the
entanglement entropy of the self-interacting scalar fields
in the momentum space. The procedure of evaluating
momentum space entanglement entropy is similar to the
one used in the evaluation of the real-space entanglement
entropy, i. e. the modes of different momenta are entan-
gled in the ground state across a particular cut-off which
act as an energy partition in the momentum space. More
specifically, the low energy IR and high energy UV modes
are entangled across the cut-off, say µ [1].
Like the real space entanglement evaluation, there are
unsettled issues in evaluating entanglement in the mo-
mentum space. First, the entanglement entropy is a cut-
off dependent quantity and still we do not have the cor-
rect tool to renormalize the entropy. Second, the ap-
proach has a close resemblance to the Wilsonian effective
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low energy action theory as discussed in Refs. [10–12]. In
the Wilsonian renormalization, the UV degrees of free-
dom are integrated over and IR degrees of freedom are
described by an effective density matrix. This is the case
for every interacting field theory. Third, it is important
to note that the momentum space entanglement is not a
universal quantity and depends on what we are integrat-
ing out — UV or IR modes. The real space entanglement
entropy for a pure bipartite system is symmetric w. r. t.
the subsystems [13]. However, it is not clear whether the
momentum space entanglement entropy satisfies the sym-
metric property. The breakdown of symmetric property
was reported in Ref. [14] for the case of Boson-Fermion
duality at high energy modes. Hence, the momentum
space entanglement entropy is not useful to characterize
theories in an invariant way though, real space entropy
does [15]. It depends on the partitioning of the UV and
IR degrees of freedom. However, in 2-dimensional space-
time field theories [16], it was shown that the entangle-
ment entropy has UV-IR duality. Our analysis based on
the Lorenz invarant definition of the ground state, show
that the momentum space entanglement entropy is sym-
metric for 2-dimensional field theories.
As mentioned earlier, the evaluation of the momentum
space entanglement was first reported in Ref. [1]. While
the ground states they used are not Lorentz invariant,
the normalization of these states are not consistent with
the ones used in the field theory literature [17]. We show
that their choice of normalization lead to spurious scal-
ing behaviour for the entanglement entropy. More specif-
ically, we show that the scaling behavior of the entropy
S ∝ µD(r−1)−2−r used in Ref. [1] go as S ∝ µD(r−1)−2
where r is the index of power indicating the strength of
the scalar field interaction and D is the number of space
dimensions. We explicitly show that the extra power de-
pendence in the entropy reported in Ref. [1] is due to
their choice of the normalization constant and show that
using the standard normalization as in Ref. [17], the re-
sults are consistent with real space entanglement entropy.
We study the effects of the introduction of the Lorentz
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2invariance violating higher derivative terms in the pres-
ence of non-linear self interacting scalar field potential
and show that the divergence structure of the entangle-
ment entropy improves when higher derivative terms are
taken into account.
The rest of the paper is organized as follows: Sec. (II)
discusses the approach used to evaluate entanglement en-
tropy in momentum space and gives explicit formula for
calculating the entanglement entropy of a scalar field in
any dimension. In Sec. (III), we discuss the model action
in any (D+ 1)- dimensional space-time using the pertur-
bative expansion. In Sec. (IV), we discuss the results
for two specific cases and generalize to any space dimen-
sions. We show that the entropy relation derived here is
different from the ones obtained in Ref. [1] by an extra
power factor which has quite compelling implications in
the renormalization. It is shown that the divergence in
the entropy is tunable by changing the dimension of the
space-time and the power of the self interaction. Sec.
(V), concludes with the discussion about our results and
its possible connection to the renormalization of entan-
glement entropy. In this work, we set c = ~ = 1.
II. APPROACH TO EVALUATE MOMENTUM
SPACE ENTANGLEMENT ENTROPY
Let us start with the first protocol in the pure state en-
tanglement — partition the total system into two parts.
Let HA and HB be the Hamiltonian corresponding to
two parts A and B with associated Hilbert spaces HA
and HB , respectively. The total Hilbert space of the sys-
tem is given by,
H = HA ⊗HB (1)
Let |n〉, |N〉 correspond to the complete energy eigen ba-
sis of the subsystem A and B, respectively. Furthermore,
these represent the occupation numbers of the particle
state in the Fock space. Before switching on the interac-
tion, the Hamiltonian of the total system is given by,
H0 = HA ⊗ IB + IA ⊗HB (2)
where I is the unit operator and the energy eigenval-
ues are represented by En and E˜N . The ground state is
the tensor product of the individual ground states of the
Hamiltonian HA and HB . Mathematically,
|0, 0〉 ≡ |0A〉 ⊗ |0B〉 (3)
After turning on the interaction term, the total Hamil-
tonian can be written as,
H = H0 + λHAB . (4)
For the present discussion, we assume that strength of
the interaction term HAB is weak in order to calculate
the interacting ground state (|Ω〉) perturbatively. Up to
first order in λ, we have,
|Ω〉 = 1√N
|0, 0〉+ λ
∑
n 6=0
〈n, 0|HAB |0, 0〉
E0 − En |n, 0〉
+
∑
N 6=0
〈0, N |HAB |0, 0〉
E˜0 − E˜N
|0, N〉
+
∑
n,N 6=0
〈n,N |HAB |0, 0〉
E0 + E˜0 − En − E˜N
|n,N〉
+O(λ2)

=
1√N
|0, 0〉+ λ
∑
n 6=0
An|n, 0〉+
∑
N 6=0
BN |0, N〉
+
∑
n6=0
∑
N 6=0
CnN |n,N〉
+O(λ2)
 (5)
where
An = 〈n, 0|HAB |0, 0〉
E0 − En , (6)
BN = 〈0, N |HAB |0, 0〉
E˜0 − E˜N
, (7)
CnN = 〈n,N |HAB |0, 0〉
E0 + E˜0 − En − E˜N
(8)
are the first order coefficients in the perturbative expan-
sion and in general we can treat them as matrices and N
is the normalization constant.
The next protocol is the calculation of total density
matrix, the matrix entries are written in the basis of
|0, 0〉, |n, 0〉, |0, N〉 and |n,N〉 are given by1
ρ = |Ω〉〈Ω| (9)
=
1
N

〈0, 0| 〈n, 0| 〈0, N | 〈n,N |
|0, 0〉 1 λA† λB† λ C†
|n, 0〉 λA λ2AA† λ2AB† λ2AC†
|0, N〉 λB λ2 BA† λ2 BB† λ2 B C†
|n,N〉 λ C λ2 C A† λ2 C B† λ2 C C†
(10)
where we fix the normalization constant as, N =(
1 + |A|2 + |B|2 + |C|2)−1/2 and here onwards drop the
subscripts attached to the coefficients A,B and C.
The reduced density matrix of the A subsystem which
is in the basis of |0〉 and |n〉 is obtained by tracing over
the degrees of freedom of subsystem B. i. e.,
ρA = TrB ρ
=
1
N
( 〈0| 〈n||0〉 1 + λ2AA† λB† + λ2AC†
|n〉 λB + λ2 C A† λ2 (BB† + C C†)
)
(11)
1 For simplicity, we drop the summation, in the coefficients A,B,
C, and different product combinations.
3The above matrix can be diagonalized and using the unit
trace property of the reduced density matrix, gives the
diagonal form of the matrix as,
ρA =
(
1− λ2 |C|2 0
0 λ2 CC†
)
+O(λ3) (12)
The entanglement entropy of the A subsystem is,
SA = −TrA (ρA log ρA) (13)
= −Tr [(1− λ2 |C|2) log (1− λ2 |C|2)
−Tr (λ2C C† log (λ2C C†))] (14)
' −λ2 log λ2 Tr[C C†]
+λ2 Tr
[C C† (1− log [C C†])]+O(λ3) (15)
where in the last step we have assumed that λ 1. The
final expression for the entanglement entropy is,
SA = −λ2 log λ2
∑
n6=0
∑
N 6=0
|〈n,N |HAB |0, 0〉|2(
E0 + E˜0 − En − E˜N
)2
+λ2
∑
n 6=0
∑
N 6=0
〈n,N |HAB |0, 0〉〈0, 0|HAB |n,N〉(
E0 + E˜0 − En − E˜N
)2
×
1− log
 〈n,N |HAB |0, 0〉〈0, 0|HAB |n,N〉(
E0 + E˜0 − En − E˜N
)2


+O(λ3) (16)
The leading contribution to entropy is λ2 (log λ2) and
vanishes as λ → 0. This is consistent with the fact that
the momentum space entanglement entropy of a free field
is zero. In the next section, we apply the above procedure
to calculate the momentum space entanglement entropy
for massless interacting scalar field in different dimen-
sions in the leading order of λ2 (log λ2).
III. THE MODEL: MASSLESS SELF
INTERACTING SCALAR FIELD
Let us consider the action for a massless scalar field
(χ) propagating in (D + 1)-dimensional flat space-time
with linear, higher spatial derivative terms:
S =
∫
dt′ dDy
[
1
2
(∂µχ)
2 − 
′
2
(∇2yχ)2 −
τ ′
2
(∇3yχ)2 −
g
r!
χr
]
(17)
where ′ and τ ′ are the constants with dimensions
[Length]−2 and [Length]−4 respectively, ∇2y and ∇3y are
the higher order spatial derivatives, g is a dimensionfull
tunable constant and r refers to the index of interaction.
The importance of the higher derivative spatial terms
were studied in Refs. [18, 19] and can be used to under-
stand some quantum phase transitions. Unlike the Wilso-
nian type renormalization [10–12], the higher derivative
terms introduce Next-to-Next-to-Next interaction in the
lattice. It is interesting to note that these higher deriva-
tive terms appear in the effective Hamiltonian description
of certain high temperature superconductors [20].
Rescaling these fields, coupling constants using the fol-
lowing scaling:
t′ −→ t = t′/L, y −→ x = y/L, (18)
χ −→ φ = χ
L(1−D)/2
, ′ −→  = ′L2, (19)
τ ′ −→ τ = τ ′L4, (20)
g −→ λ = g L(1 + s/2) +D(1− s/2) (21)
the Hamiltonian HAB corresponding to the action in eq.
(17) is given by
HAB =
∫
dDx
[
1
2
pi2 +
1
2
(∇φ)2 + 
2
(∇2xφ)2
+
τ
2
(∇3xφ)2 +
λ
r!
φr
]
(22)
where, pi is the canonical conjugate momentum corre-
sponding to scalar field φ and satisfies the equal time
commutation relation [φ(x), pi(x′)] = iδD(x− x′).
Expanding the field in terms of the bosonic creation
and annihilation operators
φ(x) =
1
(2pi)D
∑
p
1√
2ωp
(
ap e
−ip.x + a†p e
ip.x
)
(23)
the Lorentz invariant one particle excited states are [17,
21]:
|p〉 = √2ωp a†p|0〉 (24)
and satisfy Lorentz invariant orthogonality relation [17],
〈p|q〉 = 2ωp (2pi)DδDp,q (25)
where ωp =
√
p2 + p4 + τ p6.
We would like to compare and contrast the above re-
lations (24, 25) to the ones used by Balasubramanian et
al in Ref. [1]:
|p〉 = a†p|0〉 (26)
〈p|q〉 = (2pi)DδDp,q (27)
It is important to note that authors have not used the
normalization factor,
√
2ωp and this, as we will show be-
low, leads to interesting results for the momentum space
entanglement entropy. To understand the effect of the
normalization constant, let us calculate the expectation
value of HAB , i. e.,
〈p1,p2 . . . ,pr|HAB |0, . . . , 0〉 =
〈p1,p2 . . . ,pr|
∫
dDx
φ(x)r
r!
|0, 0, . . . , 0〉
= 〈p1,p2 . . . ,pr|
∫
dDx
r!
(
1
(2pi)D
4×
∑
k
1√
2ωk
(
ak e
−ik.x + a†k e
ik.x
))r
|0, . . . , 0〉
=
∑
k1,...kr
1
(2pi)D rr!
∫
dDx ei(k1+k2+...+kr).x
× 〈p1,p2 . . . ,pr|k1,k2 . . . ,kr〉
(2ωk12ωk2 . . . 2ωkr)
=
(2pi)D
r!
δDp1+p2+...+pr (28)
where in the last step we have used equations (24) and
(25) simultaneously. The above expression is different
from Eq. (29) of Ref. [1], importantly, it does not contain
the inverse frequency terms.
The leading term in the momentum space entangle-
ment entropy is then given by:
SA = −λ2 log λ2
∑
{p1,...pr}µ
(2pi)2D
(r!)2
δDp1+p2+...+pr
(ωp1 + ωp2 + . . .+ ωpr)
2
+O(λ2) (29)
where the summation is over the momentum such that
at least one momentum is below the cut off µ and at least
one momentum above the cut off [1]. More specifically,
we study the entanglement between the high and low
energy modes across the cut-off µ. Here, we are interested
to understand the momentum space entropy of the low
energy mode by tracing over the high energy modes above
the cut-off like in the Wilsonian effective action. Taking
the continuum limit, i.e,∑
p
−→ 1
(2pi)D
∫
dDp, δp −→ (2pi)DδD(p) (30)
Eq. (29) becomes:
SA = −λ2 log λ2
r∏
j=1
∫
{p1,...pr}µ
dDpj
(2pi)2D
(r!)2
× δ
D(p1 + p2 + . . .+ pr)
(ωp1 + ωp2 + . . .+ ωpr)
2 +O(λ2) (31)
Let us compare and contrast Eq. (31) with Eq. (31) of
Ref. [1] that is reproduced here for easy comparison:
SA/L
D = −λ2 log λ2
r∏
j=1
∫
{p1,...pr}µ
dDpj
(2pi)D(r−1) 2r(r!)2
× δ
D(p1 + p2 + . . .+ pr)
ωp1 . . . .ωpr (ωp1 + . . .+ ωpr)
2 +O(λ2)(32)
First, the entanglement entropy is a dimensionless quan-
tity. However, Eq. (31) of Ref. [1] is a dimensionfull
quantity. Second, the consideration of the Lorentz invari-
ant ground state removes the factors, ωp1 . . . .ωpr from
the denominator of Eq. (32). In the next subsection, we
obtain the momentum space entanglement of the inter-
acting fields with higher spatial derivative terms.
IV. ROLE OF SPATIAL HIGHER DERIVATIVES
IN MOMENTUM SPACE ENTANGLEMENT
Having shown the importance of the normalization
constant in the evaluation of the momentum space en-
tanglement entropy, in this section, we discuss the role
the spatial higher derivatives play in the divergence of the
entanglement entropy. We evaluate the entanglement en-
tropy for two specific examples — φ3 theory in (1 + 1)
and φ4 theory in (2 + 1) dimensions — and generalize to
generic interaction in arbitrary dimensional space-time.
A. φ3 theory in (1+1)-dimensions
Setting r = 3 and D = 1 in Eq. (31), entanglement
entropy is given by:
SA = −λ2 log λ2
∫
{p1,p2,p3}µ
dp1dp2dp3
(2pi)2
(3!)2
× δ(p1 + p2 + p3)
(ωp1 + ωp2 + ωp3)
2 +O(λ2) , (33)
where ωp =
√
bp2 + p4 + τ p6 and b takes values 0
or 1. Evaluating the above integrals, such that at least
one momentum is below the cut off µ and at least one
momentum is above the cut off [1] and using the Lorentz
invariant orthogonality relation (25), the leading order
term in the entanglement entropy (in the large µ limit)
is
SA ∝ −λ2 log λ2

logµ, for  = τ = 0; b = 1
1
µ2
, for b = τ = 0;  = 1
1
µ4
, for b =  = 0; τ = 1
+O(λ2)
(34)
This is one of the key results of this work regarding which
we would to stress the following points: First, in the ab-
sence of the higher derivative spatial terms  = τ = 0,
the entanglement entropy depends on the cutoff logarith-
mically and not a power-law. This is consistent with
the analysis in Ref. [16]. It was shown that the diver-
gence of the entanglement entropy of (1+1)− dimensional
field theory can be mapped to IR problem and should be
valid for small values of the coupling constant λ. Thus,
the results obtained here for the momentum space en-
tanglement entropy are consistent. Second, the UV-IR
mapping of 2-dimensional field theories [16] also shows
that the momentum space entanglement entropy with
the correct normalization constant is symmetric w.r.t.
partitioning. Third, introduction of the higher deriva-
tive terms improve the divergence structure of the en-
tanglement entropy i. e. ∇2 term leads to entangle-
ment entropy decaying as µ2. The divergence structure
of quantum field theory is expected to vastly improve
when higher derivative terms are taken into account. In
particular, introducing 22 term to the scalar field the-
ory leads to logarithmic divergence instead of power-law
5divergence of the two-point function [22]. Thus, our anal-
ysis is consistent with these results.
B. φ4 theory in (2+1)-dimensions
Let us now consider φ4 interacting, massless scalar field
propagating in (2 + 1)-dimension. Substituting D = 2
and r = 4, in Eq. (31), the momentum space entangle-
ment entropy in the large µ limit is given by
SA ∝ −λ2 log λ2

µ4, for  = τ = 0; b = 1
µ2, for b = τ = 0;  = 1
logµ, for b =  = 0; τ = 1
+O(λ2)
(35)
As in the previous case, our results show that the intro-
duction of the higher derivative makes the entanglement
entropy less divergent and is consistent with the analysis
of Ref. [22].
In general for any self interacting scalar model of the
type in Eq. (22) in D -dimensional space, the momentum
space entanglement entropy, in the large µ limit, is given
by
SA ∝ −λ2 log λ2

1
µ2−D(r−1)
, for  = τ = 0; b = 1
1
µ4−D(r−1)
, for b = τ = 0;  = 1
1
µ6−D(r−1)
, for b =  = 0; τ = 1
+O(λ2)
(36)
The above results show that the interaction terms do
not improve the divergence problem of the entanglement
entropy, however, the higher derivative terms improve
the divergence structure of the entanglement entropy.
V. CONCLUSIONS
In this work, we have evaluated the momentum space
entanglement entropy of the interacting scalar fields in
the presence of spatial higher derivative terms. We have
explicitly shown that the correct choice of the normaliza-
tion of the Lorenz invariant states does not improve the
divergence problem of the entanglement entropy, how-
ever, the presence of higher derivative terms improves
the divergence of the entanglement entropy.
Our analysis should be contrasted to the analysis re-
ported in Ref. [1] where the authors claimed that the
interaction terms help to improve the divergence prob-
lem of entanglement entropy. As we have shown here,
this is due to the wrong choice of the normalization
constant. Taking two specific examples, scalar fields in
(1 + 1)− dimensions and (2 + 1)− dimensions, we have
shown that the divergence structure of the entanglement
entropy is not improved due to the presence of the inter-
action terms.
Real space entanglement entropy is symmetric, how-
ever, the momentum space entanglement defined in Ref.
[1] is not and hence can not be considered as an universal
quantity [15]. Our analysis in Sec. (IV-A), in the light of
Ref. [16], shows that at least for the (1+1)−dimensional
field theory, the momentum space entanglement entropy
can indeed be considered as an universal quantity. More
specifically, since the UV and IR are related by a simple
rescaling of the variables in (1 + 1)−dimensions [16], the
momentum space entanglement entropy evaluated by in-
tegrating over the UV modes or IR modes is identical.
Our aim is to extend the analysis for higher dimensions.
This is currently under investigation.
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